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A three-dimensional enriched ﬁnite-element methodology is presented to compute stress intensity factors for three-
dimensional cracks contained in functionally graded materials (FGMs). A general-purpose 3D ﬁnite-element based frac-
ture analysis program, FRAC3D, is enhanced to include this capability. First, using available solutions from the literature,
comparisons have been made in terms of stresses under diﬀerent loading conditions, such as uniform tensile, bending and
thermal loads. Mesh reﬁnement studies are also performed. The fracture solutions are obtained for edge cracks in an FGM
strip and surface cracks in a ﬁnite-thickness FGM plate and compared with existing solutions in the literature. Further
analyses are performed to study the behavior of stress intensity factor near the free surface where crack front terminates.
It is shown that three-dimensional enriched ﬁnite elements provide accurate and eﬃcient fracture solutions for three-
dimensional cracks contained in functionally graded materials.
 2007 Elsevier Ltd. All rights reserved.
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The materials development and engineering analyses of functionally graded materials (FGMs) have been a
widespread and active eﬀort in the last two decades in the materials and engineering mechanics research com-
munities. Originally, the concept of functionally graded materials was proposed as an alternative to thermal
barrier coatings (TBCs), which are used in aerospace and high temperature applications, to overcome their
well-documented shortcomings (Erdogan, 1995). Some of these shortcomings are low toughness, brittleness
and poor interfacial bonding resulting in spallation. FGMs are multi-phase materials in which the volume
fractions of the constituents vary as a function of position, typically in the thickness direction. For example,
the material composition may be such that it contains 100% metal at the interface and 100% ceramic at the
coating surface. Therefore, the mismatch of thermo-mechanical properties near the bond line is minimized,
while high temperature, wear and oxidation resistance are still achieved on the exposed surface of the0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.06.022
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transition zone between two diﬀerent layers bonded together. This is achieved by placing a transitional zone
between the bonded layers such that its material properties vary to match those of both materials from one
interface to the other. This also, through minimization of material property mismatches near the bond lines,
allows reduction in residual stresses and interfacial delamination (Lee and Erdogan, 1995).
The research and advancements in functionally graded material development and manufacturing also
require the support of engineering mechanics and analysis. In this regard and speciﬁcally in the area of
fracture mechanics, there has been extensive research focusing on predicting response of FGM structures
containing cracks. Initial eﬀorts on analytical studies of cracks in FGMs were on the asymptotic stress
ﬁelds near the crack tip. Delale and Erdogan (1983) studied the mode-I crack problem in a nonhomogene-
ous inﬁnite plane and showed that the square root stress singularity is conserved and that the eﬀect of the
Poisson’s ratio on stress intensity factors (K) is negligible. Eischen (1987) also studied the crack tip stress
ﬁelds by using eigenfunction technique and showed that the angular functions associated with the ﬁrst two
terms (r1/2 and r0) in the asymptotic stress ﬁeld for a crack in an FGM are the same as those in the
well-known ﬁeld for homogeneous materials (Williams, 1957). Konda and Erdogan (1994) solved the
mixed-mode crack problem in FGMs. Erdogan and Wu (1997) studied the edge crack problem for a
ﬁnite-thickness strip and provided fracture solutions for uniform tensile, bending and grip loads. Anlas
et al. (2002) studied the extent and the shape of the K-dominant zone in continuously nonhomogeneous
materials by comparing the analytically known stress ﬁelds to stresses obtained from a full-ﬁeld ﬁnite-
element solution. Dolbow and Gosz (2002) used the interaction energy integral to compute mixed-mode
stress intensity factors for two-dimensional cracks in FGMs. Parameswaran and Shukla (2002) studied
the asymptotic stress ﬁeld for stationary cracks aligned along the direction of property variation in an
FGM with exponentially varying elastic modulus. They obtained the ﬁrst six terms of the expansion for
opening and shear modes of crack deformation. More recent experimental fracture mechanics studies
can also be found in the literature (Butcher et al., 1998; Parameswaran and Shukla, 1998; Carpenter
et al., 2000; Abanto-Bueno and Lambros, 2002).
Although initially most analytical and numerical fracture mechanics studies in FGMs focused on two-
dimensional plane problems, more recently solutions for three-dimensional cracks have also been reported
in the literature. For example, Walters et al. (2004) employed the J-integral (Rice, 1968) using a domain inte-
gral approach to obtain fracture solutions for semi-elliptical surface cracks contained in FGM structures.
Using the displacement correlation technique, Yildirim et al. (2005) studied the behavior of a semi-elliptical
surface crack in an FGM coating bonded to a homogeneous substrate under mechanical or transient thermal
loading conditions. Recently, Walters et al. (2006) also reported mixed-mode stress intensity factors for three-
dimensional cracks in FGMs using a two-state interaction integral method.
In this study, enriched ﬁnite elements are used to compute stress intensity factors for three-dimensional
cracks contained in FGMs. A general-purpose ﬁnite-element program, FRAC3D (Ayhan and Nied, 1999),
is enhanced to include this capability. First, stress analyses are performed and comparisons are made for some
cases available in the literature considering diﬀerent types of loading. Then, results from three-dimensional
fracture analyses are presented for edge and surface cracks and comparisons are made to the solutions avail-
able in the literature. It is demonstrated that enriched elements are suitable to accurately compute fracture
parameters for three-dimensional cracks in FGMs in a straightforward and eﬃcient manner without the need
for special ﬁnite element meshes and post-processing of the results. In the following sections, the ﬁnite-element
formulation implemented in FRAC3D and numerical examples are presented.2. Finite-element formulation
In this section, details of the ﬁnite-element formulation for stress and fracture analyses of FGMs are pre-
sented. Similar to many other studies in the literature, the form of the material property gradient functions is
selected to be exponential. For example, for the ﬁnite-thickness strip shown in Fig. 1, the elastic modulus and
coeﬃcient of thermal expansion (CTE) vary according toEðxÞ ¼ E1ebx and aðxÞ ¼ a1ewx; ð1Þ
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Fig. 1. A functionally graded semi-inﬁnite strip containing an edge crack.
A.O. Ayhan / International Journal of Solids and Structures 44 (2007) 8579–8599 8581whereb ¼ 1
W
ln
E2
E1
 
and w ¼ 1
W
ln
a2
a1
 
: ð2ÞE1, a1, and E2, a2 are the values of elastic modulus and CTE at x = 0 and x =W, respectively.2.1. Stress analysis
A general-purpose ﬁnite-element code can easily be modiﬁed to account for spatial variations in material
properties of FGMs. Walters et al. (2004) describe diﬀerent ways of incorporating this into a ﬁnite-element
program. These include using constant material property for each element in the model based on its location
in the structure and prescribing temperature dependent material properties combined with a corresponding
temperature ﬁeld imposed on the ﬁnite-element model such that when accounted for, the desired spatial mate-
rial property variation is achieved. Another way is to compute material properties at each integration point
during element stiﬀness matrix formation by calculating its coordinate and the corresponding material prop-
erties via the property variation functions, e.g., Eq. (1). In this study, material properties are computed at each
integration point for element stiﬀness matrix and the corresponding force vector to account for contributions
from thermal loads involving spatially varying CTE.
The stiﬀness matrix for a given ﬁnite element is obtained by Cook et al. (1989)½k ¼
Z 1
1
Z 1
1
Z 1
1
½BT½E½BJ dndgdq: ð3Þ
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diﬀerent values for diﬀerent integration points used in the Gaussian quadrature,½k ¼
Xnint
i¼1
Xnint
j¼1
Xnint
k¼1
W iW jW k/ðni; gj; qkÞJ; ð4Þwhere Wi’s are the weights at the sampling Gauss points, ni, gj, qk, and /(ni,gj,qk) is a 60 by 60 matrix for a
20-noded quadratic hexahedron element, obtained from evaluation of the matrices in the integrand, [B]T[E][B],
and J is the determinant of the Jacobian matrix.
Similarly, in the case of thermal loading, the gradients in material properties can be taken into account in
the right-hand side or element force vector (Cook et al., 1989);freg ¼
Z
V e
½BT½Efe0gdV
Z
V e
½BTfr0gdVþ
Z
V e
fNgTfFgdVþ
Z
Se
fNgTfUgdS: ð5ÞThe ﬁrst volume integral in Eq. (5) accounts for elemental consistent nodal forces due to thermal loading and
takes the following formfreg ¼
Z 1
1
Z 1
1
Z 1
1
½BT½E
axDT ðn; g; qÞ
ayDT ðn; g; qÞ
azDT ðn; g; qÞ
axyDT ðn; g; qÞ
ayzDT ðn; g; qÞ
axzDT ðn; g; qÞ
8>>>>><
>>>>:
9>>>>>=
>>>>;
J dndgdq: ð6ÞAs can be seen from Eq. (6), both elasticity matrix and the thermal strain vector can be functions of position
when both of these material properties are graded. Taking this into account, Eq. (6) is also integrated using
Gaussian quadrature similar to Eq. (4). The remaining integral terms, in their respective order, in Eq. (5) are
for consistent nodal forces due to initial stress, concentrated forces acting within the element volume and dis-
tributed forces acting on the element surfaces.2.2. Fracture analysis
In this section, the formulation of enriched crack tip elements for three-dimensional crack problems in
FGMs is presented. Consider an enriched ﬁnite element located at the crack tip (Fig. 2). The displacements
for this element are given byx
y
z
′ x
′ y
′ z
A
A0
r
θ
−1 ≤ Γ ≤ 1( )
Fig. 2. Schematic of a 20-noded enriched ﬁnite element located at portion of an arbitrarily oriented crack.
A.O. Ayhan / International Journal of Solids and Structures 44 (2007) 8579–8599 8583uðn; g; qÞ ¼
Xr
j¼1
Njðn; g; qÞuj þ Z0ðn; g; qÞfKIðCÞF 1ðn; g; qÞ þ KIIðCÞG1ðn; g; qÞ þ KIIIðCÞH 1ðn; g; qÞg; ð7Þ
vðn; g; qÞ ¼
Xr
j¼1
Njðn; g; qÞvj þ Z0ðn; g; qÞfKIðCÞF 2ðn; g; qÞ þ KIIðCÞG2ðn; g; qÞ þ KIIIðCÞH 2ðn; g; qÞg; ð8Þ
wðn; g; qÞ ¼
Xr
j¼1
Njðn; g; qÞwj þ Z0ðn; g; qÞfKIðCÞF 3ðn; g; qÞ þ KIIðCÞG3ðn; g; qÞ þ KIIIðCÞH 3ðn; g; qÞg:
ð9ÞIn (7)–(9) uj, vj and wj represent the r unknown nodal displacements and Nj(n,g,q) are the conventional
element shape functions in terms of the element’s local coordinates. KI(C), KII(C), KIII(C) represent the
mode-I, -II and -III stress intensity factors varying along the crack front and are deﬁned by the unknown
nodal stress intensity factors, KiI, K
i
II, K
i
III, and element shape functions Ni(C) evaluated along the edge
located on the crack front. Although all three modes of stress intensity factors can be computed using
the three-dimensional enriched elements (Ayhan, 2004, 2007), focus in this study is given to mode-I frac-
ture in FGMs. Z0 is a linear transition function for the elements that surround the crack tip elements
and take a value of ‘‘1’’ at surfaces shared with crack tip elements including everywhere in the enriched
element, and ‘‘0’’ on faces that are shared with the regular ﬁnite elements (Ayhan, 1999; Ayhan and
Nied, 2002). For a quadratic hexahedral enriched element, in addition to the 60 unknown nodal displace-
ments, a total of nine (three for each mode) unknown stress intensity factors are also included in the
element formulation. As a result, the unknown nodal displacements and stress intensity factors are solved
simultaneously during solution of the system of ﬁnite-element equations. Unlike some other methods such
as displacement correlation and J-integral, enriched ﬁnite-element method eliminates the need for post-
processing the ﬁnite-element solution to obtain the fracture parameters.
The functions Fi, Gi, Hi in (7)–(9) are given byF iðn; g; qÞ ¼ fiðn; g; qÞ 
Xr
j¼1
Njðn; g; qÞfij; ð10Þ
Giðn; g; qÞ ¼ giðn; g; qÞ 
Xr
j¼1
Njðn; g; qÞgij; ð11Þ
Hiðn; g; qÞ ¼ hiðn; g; qÞ 
Xr
j¼1
Njðn; g; qÞhij: ð12ÞIn (10)–(12) fi, gi, hi (i = 1,2,3) contain the asymptotic displacement functions that are coeﬃcients of
the mode-I, -II and -III stress intensity factors transformed to the global coordinate system. The terms
f1j, g1j, h1j, f2j, g2j, h2j, f3j, g3j, h3j in (10)–(12) are simply constants computed from the fi, gi, hi func-
tions evaluated at the jth node in the element. Hartranft and Sih (1969) showed that the crack tip
ﬁelds along a 3D crack front in homogeneous materials are the same as those for a two-dimensional
crack under plane strain conditions. Also, as mentioned previously, for two-dimensional cracks in
FGMs, Delale and Erdogan (1983) and Eischen (1987) showed that the leading terms in the asymptotic
local crack tip ﬁelds are the same as those for a corresponding homogeneous-isotropic material. There-
fore, the local crack tip displacements for a 3D crack in an isotropic-homogeneous material can be
used for cracks in FGMs by taking into account the spatial material property variation. These dis-
placements are given byu ¼ KIf 1 þ KIIg1; v ¼ KIf 2 þ KIIg2; w ¼ KIIIh; ð13Þwhere
8584 A.O. Ayhan / International Journal of Solids and Structures 44 (2007) 8579–8599f 1 ¼ 1
2E
ﬃﬃﬃﬃﬃ
r
2p
r
ð5 3m 8m2Þ cos h
2
 
 ð1þ mÞ cos 3h
2
  
; ð14Þ
g1 ¼ 1
2E
ﬃﬃﬃﬃﬃ
r
2p
r
ð9þ m 8m2Þ sin h
2
 
þ ð1þ mÞ sin 3h
2
  
; ð15Þ
f 2 ¼ 1
2E
ﬃﬃﬃﬃﬃ
r
2p
r
ð7 m 8m2Þ sin h
2
 
 ð1þ mÞ sin 3h
2
  
; ð16Þ
g2 ¼  1
2E
ﬃﬃﬃﬃﬃ
r
2p
r
ð3 5m 8m2Þ cos h
2
 
þ ð1þ mÞ cos 3h
2
  
; ð17Þ
h ¼ 2
E
ﬃﬃﬃﬃﬃ
2r
p
r
ð1þ mÞ sin h
2
 
: ð18ÞIn (13)–(18), E and m are the elastic constants evaluated at an arbitrary location in the vicinity of the crack tip
based on material gradation. r and h are measured locally from the crack front as shown in Fig. 2 for integra-
tion point A. A0 is the intersection point on the crack front corresponding to integration point A. The rela-
tionship between the local crack tip displacement components ui, (13)–(18), and the global displacements ui
are found through the usual vector transformations. Using index notationui ¼ ajiuj; ð19Þ
where aji represents the direction cosines between the primed axes and the global axes in Fig. 2, i.e.,
a11 = cos(x
0,x), a12 = cos(x 0,y), a13 = cos(x 0,z), etc. Transforming the asymptotic displacements in (13)–(18)
to global coordinates yields the following terms for fi,gi, and hi in (10)–(12)fi ¼ f 1a1i þ f 2a2i; ð20Þ
gi ¼ g1a1i þ g2a2i; ð21Þ
hi ¼ ha3i: ð22ÞIt should be noted that, for a general three-dimensional problem, the direction cosines used to perform the
local-to-global transformations are in general diﬀerent at every point in the enriched element. In addition,
for element coordinate values of n, g, q located at the element nodes, the displacements are simply given
by the leading terms in Eqs. (7)–(9), since Fi, Gi, and Hi, (10)–(12), are identically zero at these points.
For the cases studied in this paper, where the crack is located in a graded material, the elastic modulus and
Poisson’s ratio in (14)–(18) can be functions of position and are evaluated accordingly for all integration and
nodal points during the formation of element stiﬀness matrices and force vectors of enriched elements. Further
speciﬁc details on integration of enriched element matrix and load vector can be found in Ayhan (1999).
3. Numerical examples
In this section, examples are provided that demonstrate the application of enriched ﬁnite elements to FGMs
containing diﬀerent types of three-dimensional cracks. The ﬁnite-element models presented in this paper are
generated by using ANSYSTM and converted into FRAC3D model format. First, using solutions from the liter-
ature, comparisons are made in terms of stresses for a semi-inﬁnite strip under diﬀerent loads. Then, fracture
solutions are obtained for diﬀerent crack types using three-dimensional enriched elements and results are com-
pared to available solutions in the literature. These include edge cracks in a semi-inﬁnite strip with plane strain
boundary conditions and two types of surface cracks, i.e., two diﬀerent ellipticity ratios, contained in a ﬁnite-
thickness plate. These applications serve as examples for validation of themethod. Further analyses are also per-
formed to study the free-surface eﬀects on the fracture solution near the zone in which the crack front terminates.
3.1. Stresses in a functionally graded strip
Consider the semi-inﬁnite strip shown in Fig. 1. As can be seen from this ﬁgure, three types of loads have
been considered. These are uniform tensile load, bending and thermal load having temperature gradient in the
Fig. 3. Finite-element models of functionally graded strip: (a) 1 element, (b) 2 elements (c) 5 elements, (d) 10 elements, (e) 20 elements and
(f) 50 elements in thickness direction.
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study is performed. The results presented are nodal stresses that are extrapolated from the stresses at the inte-
gration points using the method described in Ayhan (1999).
Fig. 3 shows ﬁnite-element models having diﬀerent number of elements in the direction of material grada-
tion, ranging from 1 to 50 elements. As can be seen from these models, number of elements in the height and
thickness directions is also changed to keep the elements at reasonable aspect ratios. Fig. 4 shows the normal-
ized ryy stresses at the symmetry line, i.e., y = 0 in Fig. 1, for diﬀerent levels of mesh reﬁnement in the width
direction for the case of uniform tensile load with plane strain conditions. The plane strain condition is
achieved by prescribing zero out-of-plane displacements for all nodes in the model. The results are normalized
based on the applied uniform far-ﬁeld stress. As can be seen from this ﬁgure, the 5-element model is able to
provide relatively continuous and accurate stress distribution when compared to the theoretical solution of
8586 A.O. Ayhan / International Journal of Solids and Structures 44 (2007) 8579–8599Erdogan and Wu (1997). It can also be seen that the 2-element model is able to capture the correct stresses at
the nodal points as well, but is not discretized enough to capture the complete stresses distribution along the
symmetry line. Furthermore, the 10-, 20- and 50-element models provide even a smoother representation of
the analytical solution. Thus, in the following examples, 10 elements are used in the thickness direction.
In Fig. 5, normalized ryy stresses are plotted when the strip model is exposed to linear temperature gradient
across the width W, T2 = 0.05T0 and T1 = 0.5T0. As in the study of Walters et al. (2004) the gradation in
material properties follow the exponential form deﬁned in (1) and are given as E2/E1 = 10 and a2/a1 = 2. Sim-
ilar to the case of uniaxial loading, analyses are performed for cases with diﬀerent number of elements across
the width of the model. The normalization is done usingFig. 5
temperrn ¼ E1a1T 0=ð1 mÞ: ð23Þ
It is seen from this ﬁgure that a minimum of 5–10 elements are needed to adequately represent the stress dis-
tribution across the width of the graded strip. When compared, it can be seen that the results agree well with
those of Walters et al. (2004). It should be noted that these conclusions for mesh reﬁnement can change for
other gradation cases depending on the form and severity of the material property gradient, i.e., more or less
elements may be needed for other material gradation cases.
Using 10 elements across the width of the strip model, the same thermal stress problem is also analyzed
using quadratic 15-noded triangular prism and 10-noded tetrahedral elements shown in Fig. 6. Fig. 7 shows
the ﬁnite-element meshes used. Fig. 8 shows that the normalized ryy stresses for triangular prism and tetrahe-
dral mesh models are the same as those obtained from the all-hexahedral element model. As will be seen in the-0.30
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Fig. 7. Finite-element models. (a) 20-Node hexahedral elements, (b) 10-node tetrahedral elements and (c) 15-node triangular-prism
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hexahedral quadratic elements. It is noted that in all of the cases presented in this paper, the material grada-
tion eﬀects are taken into account at the level of integration points, i.e., Gaussian integration points within an
element have diﬀerent material property values.
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diﬀerent E2/E1 ratios are considered for uniform tensile loading case and the normalized stresses are plotted
in Fig. 9. These results also agree well with those of Erdogan and Wu (1997).3.2. Fracture analysis of edge cracks in a functionally graded strip
This section includes results from fracture analyses of edge cracks in a functionally graded strip. The edge
crack of length ‘‘a’’ is contained in a functionally graded semi-inﬁnite strip shown in Fig. 1. As in the case
of stress analysis of uncracked strip, the same form of material property gradation is considered, i.e., Eq.
(1). First, a mesh reﬁnement study is performed to identify the crack tip element size needed for converged
and accurate stress intensity factors as compared to the solution of Erdogan andWu (1997). Having determined
the required element size, further analyses are performed to include uniform tensile far ﬁeld and bending loads
and diﬀerent crack lengths. Fig. 10 shows the ﬁnite-element mesh details for a/W = 0.5. Note that due to sym-
metry with respect to ‘‘x’’ axis, only half of the geometry is modeled in the ‘‘y’’ direction. Also, in all of the edge
crack solutions presented in this section, height of the symmetric FGM strip model is considered to be 10W.
Considering a crack length a/W = 0.7, tensile uniform far-ﬁeld loading and E2/E1 = 10, crack tip mesh
reﬁnement studies are performed. As a mesh reﬁnement parameter, ratio of crack length and crack tip element
size in the direction of material gradation, or equivalently parallel to the crack faces, is used.Fig. 10. Finite element model of a functionally graded strip containing an edge crack – a/W = 0.5 with crack tip element size a/
Stip = 0.001. (a) Global view, (b) close-up view of symmetry cross-section and (c) close-up view of crack tip region.
Table
Norma
compa
a/W =
S_tip/a
0.0170
0.0093
0.0031
0.0007
Fig. 11
Erdog
A.O. Ayhan / International Journal of Solids and Structures 44 (2007) 8579–8599 8589Stip ref ¼ a=Stip: ð24ÞTable 1 lists the normalized mode-I stress intensity factors for diﬀerent levels of mesh reﬁnement at the crack
tip. The results are normalized by KR = r0(pa)
0.5 and are included with and without linear transition elements.
As can be seen from Table 1, cases with Stip_ref > 300 provide results that are within <1% agreement with the
solution of Erdogan and Wu (1997). It is also worth noting that in the absence of transition elements, the per-
cent diﬀerence changes its sign from negative to positive and keeps increasing with increased mesh reﬁnement,
whereas when the transition elements are included, the magnitude of diﬀerence keeps decreasing as the element
size becomes smaller. This can clearly be seen in the % diﬀerence plot in Fig. 11. Thus, in the following studies,
the element size at the crack tip is kept such that Stip_ref  1000.
Using a mesh size at the crack tip with Stip_ref = 1000, enriched ﬁnite-element solutions are generated for
the edge-cracked strip above for diﬀerent crack lengths and functional gradient exponents. Tensile and bend-
ing loads are considered and results are compared to those of Erdogan and Wu (1997). Table 2 lists the nor-
malized mode-I stress intensity factors and their comparison to Erdogan and Wu’s (1997) solution for E2/E1 =
5 and E2/E1 = 0.2 with far-ﬁeld uniform tensile load acting on the strip. As can be seen from this table, good
agreement is obtained between the results of FRAC3D and the solution of Erdogan and Wu (1997). The max-
imum error occurs for E2/E1 = 0.2, a/W = 0.7 and is 3.2%. For all other cases, the error is less than or equal
to 1.0%. Table 3 includes the above comparison for the case of bending load acting at the ends of the ﬁnite
with strip shown in Fig. 1. The results are normalized by KR = rb(pa)
0.5 where rb is the bending stress. Similar
to the case of uniform tensile loading, all the results are within 1.0% agreement compared to those of Erdogan1
lized mode-I stress intensity factors, KI/KR, for an edge crack in an FGM strip – diﬀerent mesh reﬁnements at the crack tip and
rison with solution of Erdogan and Wu (1997)
0.7 Erdogan and Wu (1997) – KI/KR = 5.2865
FRAC3D – KI/KR % Diﬀerence
Transition No transition Transition No transition
00 4.8572 5.1250 8.12 3.06
00 5.1332 5.2848 2.90 0.03
00 5.2376 5.3387 0.93 0.99
21 5.2720 5.3519 0.27 1.24
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Table 2
Normalized mode-I stress intensity factors, KI/KR, for diﬀerent crack sizes and material properties including comparison with solution of
Erdogan and Wu (1997) – uniform tensile loading
a/W E2/E1 = 5, b = 1.609 E2/E1 = 0.2, b = 1.609
Erdogan and Wu (1997) FRAC3D % Diﬀerence Erdogan and Wu (1997) FRAC3D % Diﬀerence
0.1 0.9908 1.0003 1.0 1.0553 1.0600 0.4
0.2 1.1318 1.1400 0.7 1.3956 1.4036 0.6
0.3 1.3697 1.3786 0.6 1.8395 1.8513 0.6
0.4 1.7483 1.7572 0.5 2.4436 2.4541 0.4
0.5 2.3656 2.3757 0.4 3.3266 3.3267 0.0
0.6 3.4454 3.4581 0.4 4.7614 4.7266 0.7
0.7 5.5830 5.5986 0.3 7.5248 7.2831 3.2
0.8 10.8775 10.9121 0.3
Table 3
Normalized mode-I stress intensity factors, KI/KR, for diﬀerent crack sizes and material properties including comparison with solution of
Erdogan and Wu (1997) – bending load
a/W E2/E1 = 5, b = 1.609 E2/E1 = 0.2, b = 1.609
Erdogan and Wu (1997) FRAC3D % Diﬀerence Erdogan and Wu (1997) FRAC3D % Diﬀerence
0.1 0.6385 0.6447 1.0 1.6743 1.6801 0.3
0.2 0.6871 0.6921 0.7 1.5952 1.6020 0.4
0.3 0.7778 0.7829 0.7 1.6122 1.6195 0.5
0.4 0.9236 0.9284 0.5 1.7210 1.7236 0.2
0.5 1.1512 1.1631 1.0 1.9534 1.9454 0.4
0.6 1.5597 1.5654 0.4 2.4037 2.3711 1.4
0.7 2.3360 2.3424 0.3 3.3536 3.2114 4.2
0.8 4.2109 4.2245 0.3
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solution of Erdogan and Wu (1997) by 1.4% and 4.2%, respectively.3.3. Fracture analysis of surface cracks in ﬁnite-thickness FGM plates
Having demonstrated the accuracy of three-dimensional enriched elements as applied to two-dimensional
edge crack problem in an FGM strip, three-dimensional surface crack problems are also considered. Fig. 12a
2c
t
2h
σ0
σ0
φ
x
y
2c
a
t
2W
φ
x
y
2c
a
t
a/c > 1.0
a/c ≤ 1.0
Fig. 12. Finite-thickness FGM plate containing a semi-elliptical surface crack under uniform tension loading.
A.O. Ayhan / International Journal of Solids and Structures 44 (2007) 8579–8599 8591shows such a semi-elliptical surface crack contained in an FGM plate. As can be seen in this ﬁgure, the mate-
rial gradient is in the x-direction and the plate is under uniform far-ﬁeld tensile load. Two cases of surface
cracks are analyzed: (i) a/t = 0.5, a/c = 2, E(t)/E(0) = 5, m = 0.25; (ii) a/t = 0.8, a/c = 1/3, E(t)/E(0) = 0.2,
m = 0.25. In these examples, the corresponding homogeneous cases are also studied and compared to the frac-
ture solutions of the FGM plate.
Figs. 13 and 14 show the ﬁnite-element mesh details for the two crack geometries analyzed. As can be seen
from these ﬁgures, only 1/4th of the plate is modeled to take advantage of the symmetry in y and z directions.
The ﬁnite-element meshes are generated using 10-noded tetrahedral elements and contain 20-noded hexahe-
drons near the crack front. Along the crack front, 161 nodes, 80 quadratic elements and 201 nodes, 100Fig. 13. Finite-element model of FGM plate containing semi-elliptical surface crack, a/t = 0.5, a/c = 2. (a) Overall view and (b) close-up
view of the crack region.
Fig. 14. Finite-element model of FGM plate containing semi-elliptical surface crack, a/t = 0.8, a/c = 1/3. (a) Overall view and (b) close-up
view of the crack region.
8592 A.O. Ayhan / International Journal of Solids and Structures 44 (2007) 8579–8599quadratic elements are used for cracks in Figs. 13 and 14, respectively. These models have 52,861 quadratic
elements – 106,357 nodes, and 77,817 quadratic elements – 143,350 nodes, respectively.
Fig. 15 shows the comparison of the enriched element solution to the results of Walters et al. (2004) and
Yildirim et al. (2005) for the same problem with a/t = 0.5 and a/c = 2. As can be seen from this ﬁgure, good
agreement is obtained between the diﬀerent solutions for both homogeneous and FGM cases. The stress inten-
sity factor is normalized byFig. 15
homog
Table
Finite-
a/S_tip
1000
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250KR ¼ r0
ﬃﬃﬃﬃﬃ
pa
Q
r
: ð25ÞThe shape factor, Q, denotes the square of the complete elliptic integral of the second kind and
ﬃﬃﬃﬃ
Q
p
equals half
the arc length of an ellipse divided by the length of the major axis (Walters et al., 2004). Q is commonly
approximated byQ ¼ 1þ 1:464ða=cÞ
1:65 if ða=cÞ 6 1;
1þ 1:464ðc=aÞ1:65 if ða=cÞ > 1:
(
ð26ÞThe deﬁnition of the crack front position parametric angle is shown in Fig. 12. Considering the same problem
and by changing the crack tip element sizes in the tangential and perpendicular (S_tip) directions to the crack
front, a mesh convergence study is also performed. Table 4 lists the ﬁnite-element model information on dif-
ferent models used for both a/c = 2 and a/c = 0.33, and Fig. 16 shows the comparison of normalized mode-I
stress intensity factors along the crack front (a/c = 2). It can be seen from Fig. 16 that the results from the
model with Stip_ref = 250 agree well with those of Stip_ref = 1000. Also, the number of elements and nodes
from the coarse model (Stip_ref = 250) are comparable to those of Yildirim et al. (2005), who employed the0.0
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4
element model information for surface crack mesh sensitivity analysis
a/c = 2 a/c = 0.33
Crack elements Elements Nodes Crack elements Elements Nodes
80 52,861 106,357 100 77,817 143,350
50 39,012 71,814 70 34,946 67,768
40 11,899 26,597 50 27,958 50,554
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Fig. 16. Normalized mode-I stress intensity factors for crack tip mesh reﬁnement study, a/t = 0.5, a/c = 2, m = 0.25, E(t)/E(0) = 5 and
homogeneous material.
A.O. Ayhan / International Journal of Solids and Structures 44 (2007) 8579–8599 8593displacement correlation technique (DCT) combined with direct ﬁnite-element simulation to compute the
stress intensity factor.
Fig. 17 shows the comparison of normalized mode-I stress intensity factors for homogeneous and FGM
cases for a surface crack with a/c = 0.33 and a/t = 0.8 under uniform tension loading (Fig. 14). The FGM
in this case had E(t)/E(0) = 0.2 and m = 0.25. It can be seen from this ﬁgure also that the results of enriched
element agree well with those of Walters et al. (2004) and Yildirim et al. (2005) everywhere along the crack
front except the free-surface region, where there is nearly 7% diﬀerence with respect to the solution of Walters
et al. (2004). In the next section, more detailed results are presented for the behavior of stress intensity factor
near the free surface. Similar to the case of a/c = 2, Fig. 18 shows the normalized mode-I stress intensity fac-
tors for diﬀerent levels of mesh reﬁnement listed in Table 4 (a/c = 0.33). Again, good level of agreement is
obtained between solutions from the coarsest (Stip_ref = 250) and the ﬁnest (Stip_ref = 1000) models.0.0
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Fig. 17. Normalized mode-I stress intensity factors and comparison with other solutions, a/t = 0.8, a/c = 1/3, m = 0.25, E(t)/E(0) = 0.2
and homogeneous material.
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Fig. 18. Normalized mode-I stress intensity factors for crack tip mesh reﬁnement study, a/t = 0.8, a/c = 1/3, m = 0.25, E(t)/E(0) = 0.2 and
homogeneous material.
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It is well known that for three-dimensional cracks, there is a free-surface or boundary layer eﬀect on the
stress intensity factors. Benthem (1977) and Bazant and Estenssoro (1979) are among those who initially stud-
ied this phenomenon concluding that the stress singularities at the free surface are a function of the angle of
intersection between crack front and free surface and the Poisson’s ratio, m. For a 90 crack/free-surface inter-
section (m = 0.3), the singular term associated with mode-I behavior is weaker than r1/2 and for mode-II and -
III conditions, the singular terms are stronger than r1/2. Thus, using the conventional deﬁnition for the stress
intensity factor means that at the free surface KI = 0 and KII = KIII =1. As stated by Joseph and Erdogan
(1989), if a process such as the sub-critical crack growth requires that the strength of the stress singularity, i.e.,
stress intensity factor based on the square root singularity, be the primary driving force, then it is reasonable
to expect that the power of stress singularity would be the same along the entire propagating front of the
crack, including the free-surface region. This, in turn, would imply that if the Poisson’s ratio is greater than
zero, the intersection angle, measured from within the cracked surface, would need to be greater than 90 for
mode-I loading and less than 90 for mode-II and -III loading.
In this section, the detailed behavior of mode-I stress intensity factors near the free surface for three-dimen-
sional cracks in FGMs is studied. The crack front ﬁnite-element mesh for the above a/c = 1/3 surface crack
problem (Fig. 14) is successively reﬁned in this region along the crack front direction until a converged solu-
tion is obtained. Fig. 19 shows an example ﬁnite-element mesh near crack surface and the close-up view of theFig. 19. Finite-element mesh for a/c = 1/3 with surface reﬁnement. (a) Crack region and (b) free surface, ‘‘c’’, region.
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towards the ‘‘c’’ location. In the particular mesh shown in this ﬁgure, the thickness of the last element on
the free-surface corresponds to / = 0.41 in terms of parametric crack front position angle deﬁned in
Fig. 12. Fig. 20 shows results from diﬀerent levels of surface mesh reﬁnements and the baseline solution pre-
sented in Fig. 17. Fig. 20a–c show the detailed distributions of the normalized mode-I stress intensity factors
along the whole front, in the ﬁrst 0.03, and 0.0025 segments, respectively. The angle values in the legends are
the corresponding element thickness for the last element on the free surface in terms of the parametric position
angle. It can be seen from Fig. 20b that the free-surface aﬀects the stress intensity factors in the ﬁrst 2% of the
crack front as compared to the baseline solution without surface mesh reﬁnement. It is also seen that the drop
in stress intensity factors takes place near the ﬁrst 0.5% of the crack front. Looking at the free-surface region
more closely, Fig. 20c shows that the ﬁrst two mesh reﬁnement cases (/free = 0.0844 and /free = 0.0176) pro-
vide somewhat ﬂuctuating results whereas the last two reﬁnements (/free = 0.0033 and /free = 0.0008) pro-
vide a smooth and same distributions of the stress intensity factor in the immediate vicinity of the free surface.
Therefore, a converged solution is obtained with respect to mesh size on the free surface. Although a consid-
erable drop in the stress intensity factor is observed, it is still far from being zero at the surface location. As
mentioned previously, in the enriched element method, the crack front nodal stress intensity factors are
included as additional unknowns in the element formulation and are solved directly along with the nodal dis-
placements. Therefore, this method allows prescribing stress intensity factor values to any nodal location on
the crack front. Knowing that the mode-I stress intensity factor is zero at the free surface, for the reﬁnement
cases shown in Fig. 20, additional analyses are also performed with a ‘‘zero’’ stress intensity factor constraint
at this location and the results are included in Fig. 21. Note that the solutions are the same, in the interior
region of the crack front, as those without K constraint at the free surface. It is also observed that similar
to Fig. 20, the ﬁrst two reﬁnement cases provide a non-smooth distribution of stress intensity factor near
the free surface, whereas the last two cases provide stress intensity factor distributions that go to zero
smoothly and are the same. Therefore, these two solutions (/free = 0.0033 and /free = 0.0008) are considered
to be the ‘‘true’’ behavior of stress intensity factor distribution in the immediate vicinity of the free surface. It
is also observed that the overall solution is not aﬀected by the free-surface mesh reﬁnement and K constraint
eﬀects anywhere on the crack front, except the immediate vicinity of the free-surface region (Figs. 20 and 21).
The reﬁnement cases shown in Figs. 20 and 21 had 361, 801, 801, and 801 nodes (180, 400, 400 and 400 qua-
dratic elements) along the crack front, respectively. Diﬀerent levels of free-surface element sizes are obtained
by modifying the mesh biasing towards the free surface. Also, it was not possible to mesh the entire domain for
the last two cases of reﬁnement (/free = 0.0033 and /free = 0.0008) by keeping a reasonable element size
everywhere on the model, and therefore a sub-modeling approach was taken. The solution from
/free = 0.0176 (full model) is used to map the nodal displacements as boundary conditions onto the external
surfaces of the hexahedral near-front mesh shown in Fig. 22. Having applied the interpolated boundary con-
ditions and keeping the applicable symmetry boundary conditions along with FGM properties, the near-front
hexahedral model is used for the ﬁnite-element solution including direct computation of stress intensity
factors.
4. Summary and conclusions
Functionally graded materials (FGMs) have long been recognized for their numerous advantages.
Extensive developments and studies have been performed to understand their materials characteristics and
mechanical behavior in diﬀerent engineering applications including fracture mechanics. In this study, a
three-dimensional enriched ﬁnite-element methodology as applied to FGMs is presented. A general-purpose
ﬁnite-element program, FRAC3D, is enhanced for this capability. It is shown that enriched ﬁnite elements
allow accurate and eﬃcient computation of fracture parameters, i.e., stress intensity factors, for elastic
three-dimensional cracks in FGMs. First, comparisons are made to available solutions in the literature in
terms of stresses in an FGM strip under diﬀerent loads. The enriched element methodology is applied to
mode-I edge-cracked FGM strip and surface-cracked FGM plate and the computed stress intensity factors
provided good agreement with available solutions in the literature. It is also shown that the enriched elements
are capable of capturing the detailed behavior of stress intensity factors near the free surface by allowing
Fig. 20. Mode-I stress intensity factor distribution for diﬀerent ranges of crack front position – no free-surface constraint on KI.
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Fig. 21. Mode-I stress intensity factor distribution for diﬀerent ranges of crack front position – KI = 0 at the free surface.
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Fig. 22. Finite-element model used for sub-model, a/c = 1/3. (a) Finite-element mesh and (b) external surfaces where interpolated nodal
displacements applied from the full model.
8598 A.O. Ayhan / International Journal of Solids and Structures 44 (2007) 8579–8599prescription of ‘‘zero’’ stress intensity factor at the free-surface node, which is located on the crack front ter-
mination point. It is concluded that the enriched elements can be applied to three-dimensional cracks in FGMs
accurately and eﬃciently without the need of special meshes near the crack front and detailed post-processing
of the ﬁnite-element solution.
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